DONALD E. CAMPBELL 


SOME STRATEGIC PROPERTIES OF 
PLURALITY AND MAJORITY VOTING* 


The activities of very large coalitions of producers are, in theory and in 
legislation, generally considered to be inimical to social welfare. By contrast, 
the formation of large coalitions — political parties and interest groups — is 
usually encouraged within the political realm. This paper treats a class of 
collective decision mechanisms within which the formation of large coalitions 
is both possible and legal. 

If every coalition has the potential for coalescing the appropriate equi- 
librium notion is strong Nash equilibrium; a configuration of strategies is in 
strong Nash equilibrium if there exists no coalition which can improve upon 
the outcome to the satisfaction of each of its members without the co- 
operation of nonmembers. But political decision making has two properties, 
no veto power and unrestricted domain, which ensure that no strong Nash 
equilibrium exists for many configurations of voter preference orderings 
([5] and [10]). No veto power is satisfied if any individual is denied his 
most-preferred alternative whenever all other voters unite in declaring some 
other alternative as most-preferred for them. Unrestricted domain asserts 
the plausibility of any profile of voter preference orderings. 

Although no equilibrium exists in some cases it is not beyond man’s 
ingenuity to develop an alternative method of characterizing the set of 
alternatives which are sustainable in the long run. When no equilibrium 
exists various coalitions will form and break up and reform and the outcome 
will change frequently over time. Some outcomes, or alternatives, will be 
recurrent — the system keeps returning to them — and we ask if the recurrent 
alternatives belong to the set of optimal states defined by a social choice 
function.! If so, the social choice function is called weakly implementable. 

The plurality method of voting, considered as a choice function, is not 
weakly implementable. It is often pointed out (e.g., [6], [12]) that plurality 
voting illustrates very well the phenomenon of voter manipulation. But 
plurality voting considered as a game form is not so easy to fault. It has the 
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same equilibrium properties as majority voting which, as we will prove, 
weakly implements a wide class of social choice functions. In terms of its 
usefulness as a tool for weakly implementing social choice functions, plurality 
decision is less widely applicable than majority decision. 

In the penultimate section (4) of the paper we show that the recurrent 
alternatives are Pareto optimal, at least for majority decision. Section 1 
defines recurrence and Section 2 establishes the implementation properties 
of majority decision. Section 3 discusses plurality voting and the last Section 
(5) summarizes the paper. 


1. DEFINITIONS 


There are n voters contained in V={1,2,...,m}. X is the set of available 
alternatives and ZL is the set of n-tuples P=(P;,P,,...,P,,) of linear orders 
on X. A social choice function G is a correspondence from L into X. A game 
form is some function g: SX where S=S,xS,x...xS, is an n-fold 
product set and g(S) = X. 

Let V,(P), for arbitrary PEL, denote the set of alternatives in X which 
are strong Nash equilibria for P. An alternative x © X is a strong Nash equi- 
librium for P if g(s*) = x for some strong Nash equilibrium strategy configur- 
ation s* €S. A member s* of S is a strong Nash equilibrium (for P) if for all 
nonempty /C V there is nos €S such that (g(s), g(s*)) € (P; and s; = sj for 
alli ¢ J. (Both (x, y) € P; and xP,;y mean that i strictly prefers x to y.) 

G is implemented by g if GP) =N,(P) for all PEL. If X has at least n 
alternatives — which is the case in most applications — then there exists no 
implementation of G unless there is some form of veto power. (Proved in [5] 
and [10].) It is possible that every individual has veto power, perhaps due to 
an ability to prevent a departure from the status quo. Since we are interested 
in social choice functions which do not give veto power to individuals it will 
be necessary to weaken the notion of implementability. 

We will define a correspondence E,: L > X which identifies the recurrent 
alternatives in X and will say that G is weakly implementable if there exists 
a game form g for which E,(P) C G(P) for all PEL. It will be the case that 
N,(P) CEP) for arbitrary P but E,(P) is always nonempty. Alternatives 
not in F,(P) will be seen to be incapable of being sustained in any sense. 

Let D be the set of inifinite sequences of members of S. A coalition 
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formation process (for some P € L) is any o = (s*) in © satisfying the follow- 
ing two behavioral assumptions in which a(o) denotes the accumulation 
points of o, that is the set of x such that g(s*) = x for infinitely many t. 


Assumptions 
(1) For all ¢, if st! #s' then g(s‘*!)P,e(s‘) for all iG V such that 
gph gf 


(2) For any x, y EX, if x €a(o) and y €a(o) then for at least one t 
such that g(s')=y there is no s€@S such that g(s)=x and 
s; = sf for all i€ V such that yP;x. 


Assumption 1 is a rationality postulate; at any time ¢ + 1 the individuals 
who change their strategies do so because the resulting outcome will be one 
which each prefers to g(s‘). Assumption 2 imputes some initiative to individ- 
uals who feel that they have the power to secure for themselves an increase 
in utility. If coalition I prefers x to y and y is recurrent then I will not miss 
every opportunity to displace y in favour of x — if it fails to do so every time 
it will be because at least once I does not have the power to displace y. 

Now, define two correspondences e,: L > Z and E,: L > X for an arbi- 
trary game form g: 5 > X. 


e,(P) = {o © d: a satisfies (1) and (2) for P} 


E,(P) = {x €X: for some o € e,(P), for any finite 7 there is some 
t > T such that g(s‘) = x}. 


E,(P) is the set of recurrent alternatives: 


EP?) = U_ a(o). 
eg (P) 


We will define a game form g* based on majority decision for which the 
following two properties are satisfied: 


(3) If o €e,(P) and g(s7) € E,(P) then g(s‘) € E,(P) for all t 2 T. 
(4) a(o) = a(6) for all 0, 6 € ee, (P). 


Finally, we define various versions of plurality and majority voting and a 
general class of social choice functions. To this end, let #P(x,y) be the 
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number of i € V such that xP,y. Distinguish some a* (which many be thought 
of as the status quo) in X. 


Majority Decision 


g*: S* +X where S} =X for i€ V. g*(S)=a"* unless there is 
some x © X such that s; =x for more than n/2 voters i in which 
case g*(s) = x. 

Plurality decision 
& S>X and S=S*. z(s)=a* unless there is some x €X such 
that for all y€X — {x} if 7={iEV: s;=x}andJ={iE Vi 5,;= 
y} then J has more members than J; in that case 2(s) = x. 


Plurality choice 


G: L>X.x€G(P) if and only if for all yEX if /= {iE V: 
xP;z for all z€©X—{x}} and J={iEV: yPjz for all zEX— 
{y}} then J does not have more members than /. 


Weak Resoluteness 


A social choice function G is weakly resolute if there is some 
linear order Q on X such that for all x,y © X and all PEL: 
G(P) = {x} if #P(x,y)>#P(y,x) and for all i€V, all w, 
zEX— {x,y} 
xP;z and yP;z 
wP,z if and only if wQz. 
The Borda count procedure and the Hare elimination system both give rise 
to weakly resolute social choice functions. Of course, all Condorcet functions 
are weakly resolute. 
To permit a simpler argument we will assume throughout that n is odd; 
this means that if x #y then either #P(x, y) > #P(y,x) or else #P(y,x) > 
#P(x, y). 


2. MAJORITY DECISION 


In this section and the next some results on majority and plurality voting 
are stated with comment but without proof. The proofs are relegated in an 
appendix. 
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THEOREM 1. A weakly resolute social choice function is not implementable 
ifn 2 3 and X has at least n members. 

A weakly resolute social choice function which is implementable satisfies 
the no veto power condition; but this is not possible if #X¥ 2n23 ([5], 
[10]). The set of weakly resolute and weakly implementable social choice 
functions is not empty (see [3]). 


THEOREM 2. If G is weakly resolute and weakly implementable then g* 
weakly implements G. 

The Borda procedure defines a weakly resolute social choice function 
which is not implemented by g*. Therefore, the notion of weak implement- 
ability is somewhat discerning; not every weakly resolute function is weakly 
implementable. This is shown by Theorem 2 which also provides a rationale 
for majority decision.” The requirement of weak implementability extends 
majority rule over pairs of alternatives — if G(P) = {x} whenever a majority 
prefers x to y and all other alternatives rank below either for each P; then G 
is weakly resolute — to majority decision on any set of alternatives. 


THEOREM 3. Majority decision, g*, has the ergodic properties (3) and (4). 

Although g* does not always possess strong Nash equilibria it has enough 
incentive compatibility to bring the society to a member of the choice 
set — if that is possible in the first place — and to keep it within that set once 
it is attained, even if the outcome continually changes. 


3. PLURALITY VOTING 


The next result is commonplace although it is stated here in a novel way. 


THEOREM 4. G is not weakly implementable if n>5 and X has at least 
three members. 

This follows from the fact that G is weakly resolute but is not weakly 
implemented by g*. For example, X = {x,,x2,...,x,} and for all i, 7EV, 
x;P;x; if j#i>1, and x;P;x, implies j=iifi>1 and j=2 ifi=1. Then 
G(P) = {x2} but N,*(P) = E,+(P) = {x1}. If n is very large then x, is pre- 
ferred to any xj #x, by over ninety-nine per cent of the voters. Not only 
is x. untenable for P it is undesirable also; fortunately, Nz(P) = {x1}. There 
is a world of difference between plurality choice and plurality decision; the 


98 DONALD E. CAMPBELL 


former is not weakly implementable and the latter has the same equilibrium 
properties as majority decision. 


THEOREM 5. Ng = Ng 

The proof is left to the reader. 

It is obviously the case that e,*(P) C e,{P) for all PEL and one might 
surmise that E,* = Ez which would mean, essentially, that g had precisely 
the same incentive properties as g*. But consider the following example for 
n=7and X = {w,x,y,z,a,b,c}. 


Py: x yZzw... 
Poa: yy ZwWwe... 


P33 Zwexe yp... 


Pa: wx y Z... 
Psi a xyz. 
Po: by zx... 


Pyic zx Y.. 
Then £,+(P) = {x,y,z} but w € E,(P) as the following sequence indicates. 
s' = (x,w,w, w,a, b,c) B(s') = w 
s? = (z,z, z,w,a,b,c) as?) =z 
8 =(,y,2,¥,0,b,c) a) =y 


s = (x,y, x, x; a,b,c) &(s*) =x 


ge = 5! gs°) = w. 
s& = 5? 
g) = sete, 


Since each i2 5 prefers every member of £,+(P) to w it is unlikely that these 
individuals would passively accept the recurrence of w. If, as we may plaus- 
ibly assume, individuals do not know others’ preference orderings in detail 
the members of {5, 6, 7} would attempt to banish w by cooperating with the 
other supporters of x over w at the appropriate time. In general one might 
wish to further restrict eg by adding a new condition to (1) and (2). 
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(5) If there is no finite T such that s‘ = 57 for all t= T then there 
is no finite T and noi € V such that sf = s? for all t2 T. 


The sequence just defined does not satisfy (5) which is a plausible assumption 
since every change benefits some nonempty coalition / and harms everyone 
in V —J. But it is still not true that a (o) C E,»(P) if o satisfies (1), (2), and 
(5) with respect to g and P. For example, n = 7, X = {w,x, y, z} and: 

Pi: x yzw 


Py: x y zw 


P3: X wy z 
Pa:wyzx 
Psi zxwy 


Pe: Z yx w 

Pui Zy xX Ww. 
Then each of x,y, and z defeats w by a strict majority so w ¢ E,+*(P). Now 
define o satisfying (1), (2) and (5) with respect to g: 


= (y,y,y¥,¥,2,2,2) as')=y 


s* = (y,y,w,w,w,z,z) -g(s?) = w 
s> = (x,x,w,w,w,x,x) e(ss) =x 
s? = (x,x,w, Z, Z, Z,2) g(s*) =z 
sig 

eae 

s’ = s°,etc 


4. PARETO OPTIMALITY 


It has not so far been demonstrated that there exists a social choice function 
which is weakly implementable and weakly resolute. This is easy to do since 
G*=E,* is certainly weakly resolute. Since the majority rule relation is a 
total order on L when n is odd, G* is defined by any of the transitive closure 
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procedures or related techniques (e.g., [1], [3], [13]). Condorcet [4] 
recognized that a majority rule cycle may contain Pareto dominated alter- 
natives (see [2] or [7]). But Pareto dominated alternatives can never be 
recurrent if we assume that any coalition which forms will endeavor to 
secure the maximum possible increase in the utility for its members. We 
make this precise by modifying the assumptions about coalition formation 
processes. Conditions 1*—3* below apply to an arbitrary P and o with respect 
to some unspecified g. 


(1*) For all r,s‘*! #s¢ implies (g(s‘*"), g(s‘)) E17 {P;: sf*! # sh} 


(2*) For all ¢, if 7= {ie V=sf*! #sf}#@ then there is no sES 
such that (g(s), g(s‘*!)) © — P; and s; = sf for alliG V—J. 


(3*) For any x, y EX, if x €a(o) and y €a(o) and for all ¢ such that 
g(s') =y there exists some r' ES such that g(r“) = x and ri #s! 
implies xP,y then for at least one t, g(s‘) = y and there exists an 
s €S such that xP,y implies g(s)P,;x and yP;x implies s; = sf. 


Assumption (1*) is identical to (1). Assumption (2*) says that a coalition 
which forms in order to upset an alternative which was previously in status 
quo will choose a strategy which is group-rational; the coalition will not force 
an outcome y if they can force x and every member of the coalition prefers 
x to y. Assumption (3*) is (2) modified so that it is compatible with (2*). A 
coalition which always fails to displace some recurrent y in favour of x which 
is preferred to y by each member of the coalition will be able to displace y, 
at least once, in favour of some third alternative which the coalition prefers 
even to x. 

Now, let eg(P) be the set of processes o€2Z such that (1*—3%*) are 
satisfied and let E7(P) = U {a(a): o € e7(P)}. As one would expect, condition 
(2*) purges Pareto dominated alternatives in the long run. 


THEOREM 6. Every member of Ej«(P) is Pareto optimal, for each P € L. 

Theorem 6 is proved in the appendix. 

Since G*(P) is the top-ranked majority rule cycle for P(see [3] ) — allowing 
cycles of length one — we can show that e7+(P) is not empty by eliminating 
Pareto dominated alternatives from G*(P). Call the resulting set Y. Now find 
any member o of e,«(P) assuming that the set of available alternatives is Y 


PLURALITY AND MAJORITY VOTING 101 


not X. Then o €e3«(P). Certainly o will satisfy (1*) and (2*). IfxEx— 
G*(P) then every member of G*(P), and hence every member of {g*(s‘): 
t=1,2,...} defeats x by a strict majority. Therefore, if there is a violation 
of (3*) it must be produced by a member of G*(P)— Y. We can always 
suppose that o has been chosen so that s! = (g*(s'), g*(s),...,g*(s')) and 
for all ¢>1 and all iG V, g*(s')P,g*(s‘!) implies sf = g*(s'). Hence, if 
z€G*(P)—Y and some coalition J can force z at time f then, since z is 
Pareto dominated, there will be some y@X which is preferred by each 
member of J to z and which I can also force at time ¢ since I must have more 
than n/2 members. Therefore, o € e3«(P) and we have proved 


THEOREM 7. E;«(P) # ¢ for each PEL. 


5. CONCLUSION 


If the formation of large coalitions is not discouraged, and if information 
about individual preference can be transmitted readily enough so that coal- 
itions will actually form in order to realize a potential increase in the utility 
of each of its members, the notion of equilibrium is not generally useful in 
characterizing the outcomes of collective decision mechanisms. We have 
argued that the notion of recurrence—even if there is no equilibrium some 
alternatives will emerge as outcomes over and over again—is a natural exten- 
sion of the notion of equilibrium. Recurrence permits one to distinguish 
between majority decision and plurality decision, revealing the former to be 
more widely useful. The difference between the two procedures is not 
apparent in terms of equilibrium properties because they have the same 
equilibria. We have shown that, from the standpoint of recurrence, majority 
decision implements a very wide class of social choice functions. 

In the last section of the paper we have shown that when group rationality 
is imputed to the coalition formation process the recurrent alternatives are 
never Pareto dominated. This means that some members of the set of socially 
best alternatives will never be ‘chosen’ in practice since some of these will 
be Pareto dominated. This is often regarded as a defect at the underlying 
mechanism or game form which is used to implement the social choice 
function. However, if one thinks of the normative criteria used to justify 
a social choice function as a set of restrictions on the institutions used to 
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make social choices then the set of best alternatives defined by the social 
choice function is merely an abstract way of deciding whether the institu- 
tions (game form) are at odds with the normative criteria; if the institutions 
yield an outcome which is in the best set then they are not at odds with 
the normative criteria. According to this interpretation, membership in the 
best set is a necessary but not sufficient condition for social acceptability. 
In this sense, majority rule is always consistent with Pareto optimality. One 
has to make assumptions about individual behavior, of course, to make this 
claim but the assumption used in this case (group rationality) is a mild 
one. 

Finally, it is remarked that the result that group-rational behavior on the 
part of coalitions implies Pareto optimality over all parallels a striking result 
concerning exchange economies — under some mild assumptions, any allo- 
cation which cannot be improved upon by any pair of individuals trading 
only with each other is Pareto optimal for the entire economy. (See [9].) 
Theorem 6 may be reworked to show that any coalition formation process 
for which only coalitions with no more than (m + 1)/2 persons is allowed to 
form is Pareto optimal in the long run. 

It is often claimed that the study of implementability with respect to 
coalition formation is an extension of the now standard treatments of the 
phenomenon of individual misrepresentation of preference. This is not really 
correct. It is almost always assumed — usually implicitly — that after an 
individual joins a coalition he reports his true preferences to the other 
members in the cooperative effort to identify a group strategy that will 
result in a new outcome which each member prefers to the old one. In 
making this assumption at least one important question is slighted. If there 
is a mechanism which may be employed by a large coalition — and even a 
coalition with (n + 1)/2 members is large in most contexts — to elicit truthful 
preference revelation why not use it for the entire coalition of n votes and 
have a central agent compute a socially best outcome? Since it need not be 
the case that the coalitions which do form elicit very much information 
about their members’ preference orderings it may be more costly to obtain 
complete information for all voters’ preference orderings than to allow 
coalitions of (n + 1)/2 votes to form and exchange partial information as a 
sequence of alternatives is generated. This seems to be a question worth 
exploring. 
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APPENDIX 
Proof of Theorem 1 


Suppose that G is weakly resolute and that g implements G. We will show 
that G has No Veto Power and hence, by [10], it cannot in fact be imple- 
mented. 

If PEL, x EX, EV and xP;z for all ic V— {7}, all z EX — {x} but 
x €G(P) then yP;x for some y © X. Suppose that s* is a strong Nash equi- 
librium for P and g(s*) = z. Then z # x. Now define P’ € L: 


For alli € V and all w, y © X — {x, z} 
xPiw and zP;w. 

xPjz if and only if xP,z. 

wPjy if and only if wQy. 


(Q is any linear order with respect to which G is weakly resolute.) Then 
G(P’) = {x} but s* is a strong Nash equilibrium for P’ soz €N,(P') C G(P’), 
a contradiction. Therefore G has No Veto Power and is not implementable. 
Q.E.D. 

Theorems 2 and 3 are proved by means of the following lemma due to 
Moon [11]. (A total relation > on X is one for which not x >y implies 
y>xorx=y.) 

If > is an asymmetric binary relation on X any subset Y of X is externally 
stable (in X) if for each y © Y there is no x €X — Y such that x>y. Y is 
also minimal externally stable if no proper subset of Y is externally stable 
in X. 


LEMMA. Jf > is a total asymmetric binary relation on X there is a unique 
subset Y of X such that: 


(1) Y is minimal externally stable in X, and 
dp Y either has one member or T > 1 members in which case Y = 
{y1, ..., 7} ean be ordered so that y'> y?>... 7! >yT> 
1 
y. 


Proof, Obviously, there exists a minimal externally stable set within any 
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finite set. Suppose Y and Y’ both have this property and Y # Y'. Then there 
exists some y@ Y— Y’ and some y’€ Y’' — Y; otherwise, one of these sets 
is not minimal. But both y > y’ and y’> y must hold since > is total. Hence, 
we must conclude that there is only one minimal externally stable set Y in X. 

Suppose Y has more than one member. Choose some y € Y. If y > x for 
all x © Y— {y} then {y} is stable in X. If x >y for all x Y— {y} then 
Y — {y} is stable in X. Since Y is minimal there exists an x and az in Y such 
that x > y > z. Suppose that x >y>z implies x > z for all x, z € Y. Then 
Y—{z€Y: y>z} is a proper subset of Y and is stable in X. Hence there 
exist x,z © Y such that x >y >z>x. 

Suppose now that we have M< T members x’, x?,... ,x™ of Y such that: 

(I) xt > x? >... x81 > x > x? 
holds for K = M. We now show how to extend III by adding at least one 
member of Z = Y— {x',... ,x™} to produce a cycle of type III (perhaps 
after some relabelling) for K >M. 

Suppose that there exists some z@Z such that z> x” and x*>z for 
some h, k. If z>x"*! then x may be inserted between x” and x**! to pro- 
duce an instance of III for K=M+1. If x**!>z then either z>x"*? in 
which case III can be satisfied for K = M+ 1 or else x**? > z. Since z> x" 
we will eventually find some m for which x” z>x'"*! to establish III for 
K=M+1. 

Let W! = {2 EZ: z>x™ form=1,2,...,m}and W? = ZEZ:x">z 
form=1,2,...,M}. If Z=W! UW? then both W' and W? are nonempty 
since if one of these is empty either {x’,...,x™}or W! is stable in X. There 
will be some v€ W! and w € W* such that w > v— otherwise Y — W is stable 
in X. Then x! > x? >. ..x” 74> x”! > w>v>x! is an instance of III with 
K=M+2. 

Therefore, one can begin with a three-term cycle in Y and add more terms 
to the cycle until one has [II with K = T which establishes I. Q.E.D. 


Proof of Theorem 2 
Given P, let > be an asymmetric relation on X defined by: 
x> y if and only if #P(x, y) > #P(y, x). 


Then > is total on X if n is odd. It is easy to work out that E,+(P) = Y 
where Y is given by I and II of the above lemma. 
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Suppose G is weakly resolute and g weakly implements G. We will show 
that y © £,(P) and x > y implies x €E,(P). This, along with I, and Il, will 
guarantee £,«(P) C E,(P). 

Suppose o €,(P) satisfies (2). Choose any ¢ such that g(s*) €a(o) and set 
y =g(s'). If x >y define P’'EL by means of any linear order Q with respect 
to which G is weakly resolute: 


For alli € V and all w,z EX — {x, y}, 
xP;w and yP;w. 

xPjy if and only if xP;y. 

wP;z if and only if wQz. 


Then G(P’)= {x} since #P'(x,y) > #P'(y,x). Let & be any member of 
e,(P’) such that 5? = s‘. By (1), if g(8") = y and g(5"*!) # y then g(8"*") = x. 
Since g weakly implements G we have y ¢ a(@). By (1), there is some finite r 
such that 5” = 51 and g(§"*') = x. Since o satisfies (2) and ¢ was arbitrarily 
chosen we must have x € a(o). 

Therefore E,«(P) C £,(P) for arbitrary P and since E,(P) C G(P) we know 
that g* weakly implements P. Q.E.D. . 
Theorem 3 is a straightforward consequence of the lemma. 


Proof of Theorem 6 


Suppose (y,z)€Q P; but z €Fj+(P). If o ezx(P) and for some finite T, 

*=sT for all t2T7 it cannot be the case that g*(s’)=z. Therefore, if 
z€a(o) the coalition formation process o@ must cycle. Suppose t> 2, 
g*(s')=z but g*(s!)#z (there is no loss in generality in supposing that 
a (s™) #g*(s"**) for all m). If z#a* then J= {7E V: sf =z} has over n/2 
members and if each member of J sets s; = y we will have 


(g(s), 86s") EDP; 


even if s;=s{! for all i@V—J. Therefore, (2*) implies z= a*. But then 
g*(st)#a* so J= {iE V: si'#5s{-*} has over n/2 members. This implies 
that J does indeed have over n/2 members and (2*) is contradicted after all. 
Therefore, every member of a(o) is Pareto optimal for arbitrary o € e3+(P). 
(Note that this is the only point in the paper at which it is necessary to 
assume that each P; is transitive — if yP;z and zP;x then yP;x so if a majority 
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prefers z to x and if y Pareto dominates z then the same majority prefers 
ytox.) QED. 
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' Similar, but less general treatments, are to be found in [3] and [8]. 

? If n is even we have to consider methods of breaking ties and define one variant of 
g” for every conceivable tie-breaking device. The main result would then be that if G 
is weakly resolute and weakly implementable then some variant of g* weakly imple- 
ments G. 
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